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Why “homogenization”?

« Homogenization may enable a simplified description of very
complex systems formed by many atoms (in case of natural
media) or inclusions (in case of structured materials).

Liu et al., Nature Materials, DOI:

m 10.1038/nmat2072
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Basic notions:

Let F be some physical entity. The macroscopic (spatially

averaged) <F> is defined as,

F) @) = [ Fe-v) p)d

where f is a test function.
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Example(.lD): )
O Ex) (E)()

-10 -5 ] 5 10 e

i . 1/D if [x{<D/2
Test function: f(x)= Y <t
0 otherwise
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Properties of the test function:

* Real valued.
 Nonzero in some neighbourhood of the origin.
« Integral over all space is unity: f f(r)d°r

 The support of the test function must be greater than the
characteristic dimension of the inclusions, and much
smaller than the wavelength.

Example:
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A different perspective of spatial averaging:

F) @) = [Pl F)

— _/
Y

convolution

F(r) f(r) <F>(r)

>

The test function f may be regarded as the “impulse response”
of a linear system. Thus, the spatial averaging operation may be
regarded as filtering.
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Different perspective of spatial averaging (contd.)

(n IR
<F>(I’) = (23;)3 J‘ F(k) F (k)e_jk'rdsk where f(k) =j f (I’)e+jk'rd3r

Since the spatial average procedure may be regarded as low
pass filtering, we may choose f as an ideal low pass filter:

: 1, k eB.Z.
0, otherwise

Later, we will see that this can be useful...
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“Microscopic” Maxwell’s Equations

VxE=—jwB

V ox E =J, + ¢ 9w E
o

E and B — “microscopic” electric and induction fields
J. — microscopic external density of current

g, relative permittivity of the structured material
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Homogenized Maxwell’s Equations

(E)(r) =J-E(r—r’) f(r)d’r
4

 VR(E)(r) = [VXE(r—r') f () = (VE)(r)

Vx(E)(r)=(VxE)(r)

The spatial derivatives commute with the averaging operator!

Thus, the structure of Maxwell’'s equations Is
preserved by the homogenization process.
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Homogenized Maxwell’s Equations (contd.)

Ji =05 — 1) jwE —induced “microscopic” current relative to the host
medium

The key problem in homogenization theory:

How to relate (J,,) with the macroscopic fields (E) and (B)?
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Physical insights into Qu)=] (R, (r=r)dr

The microscopic density of current induced

Small dielectric scatterer: _ _
j | ' in a small scatterer may be approximated by:

Jo

J A1) = jwp,d(r) + ¥ x | 225(r)
Ly

~J

p. —electric dipole moment
p,, —magnetic dipole moment

Thus, for a collection of obstacles we have that:

{:Jd}ﬁdij—I—? » N4 ...
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~ Classical Constitutive Relations
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Macroscopic Electromagnetism

“Classical” theory is based on the decomposition:

(3,)~ joP + VXM +... ‘ D= (E)+P

\ RGN

Spatial average of the Hy
microscopic currents

V x (E) = —jw (B) q Vx(E)=-jo(B)
V X B) (Je) + (Ja) — jweo (E)

Ho VxH=(J,)+ joD
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Local Linear__Med_ia

For local linear (bianisotropic) media:

D = coe,.. (E) + yEom & H
(B) = oo ¢. {E) + pop, H

£, (w) is the relative permittivity, g, (w) is the relative permeability.

¢ (w) and & (w)] are (dimensionless) parameters that,

charactenze the magnetc-electrie conpling.
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Some problems with the application of classical
homogenization theories to metamaterials:

« The characteristic dimensions of most metamaterials is about
one tenth of the wavelength. And this is not only because of
fabrication limitations...

Example: Split Ring Resonators!
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[why 7]

To gét a strong magnetic response the perimeter of the rings
must be comparable to A/2.

(other prions at microwaves: use lumped elements, distance between rings very small, rings
prin_t.e’d on high dielectric substrates).

This is understandable... we are trying to obtain a
material with a magnetic response from a metal which
IS a material with completely different properties (e=-).
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Some problems with the application of classical
hamogenization theories to metamaterials (contd.)

e The relatively large electrical size of the inclusions implies that
higher-order multipoles (quadrupole moment, etc) may not be
negligible...

(J4)= joP+VxM +higher order multipoles

It may not be possible to relate the electric field with the

polarization vector through local relations, i.e. the material
response may be nonlocal

N 15 W W Wl

The homogenization of metamaterials may thus
require more sophisticated and complex methods that
can take into account and describe these phenomena.
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~ Spatial Dispersion
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[Time dispelrsion]_

Why time dispersion? q
| B L
‘"‘"I'--..
%q www.sr.bham.ac.uk/xmm/fmc2.html

The electric charges cannot respond
Instantaneously to an applied electric field.

(For harmonic excitation, the electric dipole moment
becomes out of phase with the applied electric field.)
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Spatial dispersion

Spatial dispersion emerges when the response of the basic
Inclusions does not depend uniquely on the behaviour of the

fields in a small neighbourhood.

In other words, the electromagnetic fields at a given point of
space may influence significantly the response of an inclusion
situated at a significant distance from that point (larger than the

characteristic microscopic dimension of the material).
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Spatial disp“ersio_n (contd.)

Local material:"

Y | pe' .j
| (O EORXCIO)

- Nonlocal material:

Pe (0) - pe(<E>

ome) =P(EN(0).(E) (1) (E)(r,),-.)
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‘Understanding spatial dispersion

“._strongspatial dispersion

wavelengths
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Understanding spatial dispersion (contd.)

The electric currentalong {77770
the wire depends on the
 electric field along the
whole axis, and not only
on what happens in some
“neighbourhood.

1|
"o Au P 4

The flow of electric charges may be regarded as a slow
diffusion process which originates the nonlocal
response

instituto de
telecomunicacdes




~ Constitutive relations for spatially
) disperSive media

mario.silveirinha@co.it.pt




Some preliminary considerations

For spatially dispersive materials the decomposition of the
average microscopic current into mean and eddy currents is not
meaningful.

(not interesting)

The problem is that P and M cannot be related with the
macroscopic fields through local relations.

Besides that, the higher-order multipoles may not be negligible.
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D, = (E) 1P, P —(3.Vi
Lom o =(Ja)! jo |
= =P+VxM/ jo

Vv« E) = —ju (B)

- Vx(E)=-jouH,
vx B (Je) +{Ja) + jweo (E)

L Vng:<Je>+ja)Dg

The effect of both the electric and magnetic dipole moments (as
well as the effect of all other multipoles) is described by the
(generalized) electric displacement vector.
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‘Constitutive relations in periodic linear media:

Py (1)=& z,(r-r).(E)(r)d°r

D, (r) = f Elwr—1') (B (1) &

Dielectric
function

In spatially dispersive media all the effects can be described solely by a
dielectric function, being unnecessary to introduce a magnetic permeability,
and/or magnetoelectric tensors.

. P . instituto de
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Constitutive relations in the spectral domain:

The Fourier transform of the macroscopic electric field is:

(E) (k) = f{E (r)) el ETgip

where k= (k,,

In the spectral domain the constitutive relations become:

28 May 5, Marrakech, 2008
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Macroscopic Maxwell’s Equations in the Spectral
domain:

~

kx<E>=wyng

—K x I:Ig =—j<je>+a)§(a),k).<lé>

Important remark:

e Both @ and k are independent variables of the dielectric function. This
should be very clear from the definition.

« Sometimes this is a source of confusion, because for plane waves ®
and k are related by arelation of the type w=wo(k).
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~ Calculation of the Dielectric Function
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How can we compute the dielectric function of a
periodic structured material?

Unit cell:

VZ) a,

N an (PEC)
This should be valid
a Q-cell
for every external
applied current
instituto de
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Rememberthe definitions: @

E and B — “microscopic” electric and induction fields

J. — microscopic external density of current

(E)(r)= jE(r—r’) f(r')d’r
<E>(k) :I<E>(r)ejk'rd3r

F-t'i\-\

QR rmensgeo mario.silveirinha@co.it.pt
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32 May 5, Marrakech, 2008 ORI




Main idea:

To define the dielectric function so that the system,

gx<|§>=<é> D, =5(E}+ P
B . -
l;x <ﬂo> _ j];)<Je>+§(a),k).<E>

IS verified for a microscopic external current of the form:

da Colmbira

‘Je

—jk.r

Je o€
4

for arbitrary
constant vectors
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Characterization of the macroscopic fields for a
microscopic current with the Floquet property:

. S_olu:_tion--'o-f the problem is Unit cell:

_of the form:

B0 =Y e, mkd K
n

E; = ! fE{rjef‘kJ-fdﬂr
1""rn:a]l
Y

kS = jiby + jaba + jaba

VE)

Noan (pEC)

a, Q-cell
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Characterization of the macroscopic fields for a
microscopic current with the Floquet property (contd.):

E(r) =3 Eje/"" o
J

-

(B (K) = (20 Eaf (ky)d (K — k) e

J

. ] . . f’(k,)— 1, k,€ B.Z.

Choosing the test function as an ideal low pass-filter o, otherwise
- N __ 3 r _ +ik.r 33
(E)(K)=(27) E,0(k'~k) Eay —5— [ Bl et ed"

£
. — jk.r
(E)=E,e®
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Characterization of the macroscopic fields for a
microscopic current with the Floquet property
(contd.):

Thus, we conclude that for electromagnetic fields with the Floquet
property the macroscopic fields may be identified with the zero-order

Floguet harmonics:

< > e—jk.r (EaV:iJ'E(r)ejk.rdsr
cell Q

ik. _ 1 +jkrq3

(B)=B, e "' . 2, B
- _ 1 +jkr3
Dg :<80Eav—|_I:)9,61V)e_1k.r Pg!aV _\/cellja)j\]de | a

=¢ (k) E e ) .

a kpe,av_ e"Ja)IJeJ d’r

(J,) = joP, e

. . . . instituto de
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Microscopic theory

The previous analysis implies that for an external source associated

with a phase-shift defined by k, the dielectric function should be defined
consistently with the relation:
Unit cell:

¢(w,k).E, =5E, +P,,

e D

N ap (PEC)

a Q-cell

J e — J e,ave_ Jer

p 1

g,av
Vcell Ja) Q

Jet i rdr

. L . instituto de
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Procedure to compute the dielectric function

The applied current is taken equal to: Je=J.af

* For each w and k, the microscopic Maxwell-Equations are
solved for Jea U U,

* With the computed microscopic fields we calculate:
1

E, :—_[E(r)ej"'rd3r
cell O
— j'J e"rd’r
g.av . d
VceIIJwQ

* Finally, using the obtained results (i=1,2,3) the dielectric
function is obtained by imposing that: ¢(w,k).E,, =¢E,, +P,,,

Y . . .. .
(R e mario.silveirinha@co.it.pt ‘
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Some remarks

e The homogenization problem is a source driven problem! It is
not an eigenvalue problem.

« The computational domain may be taken equal to the unit cell.
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Plane wave solutions

we B, +kx = =10
MO
2
((f) EE+1.;1{_;:21) E,, =0
0

There is aone to one relation between plane waves in the homogenized
medium and the Floquet eigenmodes of the structured material.
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 Homogenization of a lattice of electric
- dipoles




Periodic lattice of electric dipoles

Figure from P.A. Belov, et at, PHYSICAL
REVIEW E 72, 026615 2005
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Homogenization problem:

V x E

—jwB

Vo — = j';'*"PE.EvE_jk.r +‘]d'!'-:r.'-' +_'-|"'“’J"—-I]E
L
Lo \ )

Applied external
current

Jiip = 8 (r—rp)e ™ jup,
1

The solution of the homogenization problem can be written in closed
analytical form in terms of the lattice Green dyadic that verifies:

L C'E ol r
G (r[r']= (14‘?5??) Dy (r[r)

: 2 . )
Vi, + (%) D, =— Z: S(r—r — l.I}E—jk.I:r—r )
I

PN . o . instituto de
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Microscopic electric field:

P s __—> Still unknown
E = (_J'""J#D]Ep {I‘| Dj ..T+ I:—jm,u,nj Erﬂﬂuﬁaw 'jWPB,avE_jk'r

1 . . ;
G fﬁp (x|r) etk (r—r') g3 s

. Ao —_
Vel /

1 1 fw/e) I — kk
S T Vo @]eR B (o

r s

G = Ve [((w/e)® — k%) L+ kK]

INSTITUILOES ASSOCIADAS:
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The local field:

Pe.a:l.r
=0

wy?2 . wy?2
Eie = (2) G, (010). 25 4 () VeaG

Self contribution is
removed

G (rr) =G, (r|r)— G,ir|r])

The electric dipole moment of each particle can now be calculated
using the microscopic equation:

Pe
— =0, ('"*le 'Einc
cn
INSTITUICE
by S . instituto de
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Generalized Lorentz-Lorenz formula:

w2 i Pe w2 ; Pe.a:l.r
Eiac (_) Ep |:[|| D] E (E) V n:a]lﬁa:l.r' £0
Can be related with the
macroscopic field
E,.=E, +C.(wk) L=
loc — Bigy + i |:'~‘-'J:n :J E

!

2 f
C (k) = (2) (G, (00,0, k) — Gy (0,K))

is the interaction dyadic

INSTITUICDES ASSOCIADAS,
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Generalized Lorentz-Lorenz formula (contd.):

En[nc' — Ea:l.r + E-i. ['""J:kjl 'E
| -

INSTITUICOES ASSOCIADAS
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The interaction dyadic:

E-mt{r—l"':m,k:l=|:(m] I+TT}I}

L C

[erfc{Er) — 1]

T r dar

+
]":c'c]] 2k + ktﬁ

—([kq| + @) r4E2
+ : E 11 ..r_.IE : ll g~ikar
Veng=o 2ky| T |kyl =8

INSTITUILOES ASSOCIADAS:
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The interaction dyadic (contd.):

A classical result for highly symmetric lattices:

1
I (s.c. lattice)

C,lw=0k=0)=—
Cilw=0k=0)= I

The imaginary part of the interaction constant can be evaluated in
closed analytical form:

m{C, (.1} = =— (£)'1

i L . instituto de
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Calculation of the dielectric function:

Ep. =E, +C, (wk).2=

Ny
P, . 1
I C). 22— __— & E
& =0, {""’J]I 'EEGE ‘ {_ — _ij 20 W cell *
£n
Pe
P,..=—
@ Vel
k) =T 41 C.(w. k)
E{"’:"!' :I__+ WV I (__Ee'_i.{""'*"li ,.III 'Ete
ce
Generalized Clausius-
Mossotti formula
é@: e mario.silveirinha@co.it.pt ‘ itglséictnuraouﬂ?cagﬁes
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Some conclusions:

e The dielectric function of lattice of electric dipoles can be
written in terms of an interaction dyadic and of the electric
polarizability of an individual inclusion.

e The interaction constant may depend on the wave vector due
to the intrinsic granularity of the material. This may result in
strong spatial dispersion.

* |tis possible to generalize the classical Lorentz-Lorenz and
Clausius-Mossotti formuias to spatiaily dispersive materiais.

instituto de

’:""."T:". s H H HPH H
kI e mario.silveirinha@co.it.pt telecomunicacdes

YR EVASE Marrakech,2068 ¥




Generalized Lorentz-Lorenz formulas for point
particles with both electric and magnetic response:

Fpoe = E., + Ci@.K) - 22 4 C., (@.k) - cp,y.
=1y

B - —
= H,, C.ul@.k) cp, 1t Ciglw.k)- Poy

i Hi

i [y — _f.ﬂ- —
Ce.m f.r.i',,li] =_}_Erjv X Cim'r:ﬂz_J; vﬁmg'r:ﬂ *1
More details In:

PHYSICAL REVIEW B 76, 245117 (2007)

Generalized Lorentz-Lorenz formulas for microstructured materials

Mario G. Silveirinha™®
Departamento de Engenharia Electrotécnica da Universidade de Coitmbra, Instituto de Telecomunicagdes, Pdlo 11,
3030 Coimbra, Portugal
T A ARt S (Received 20v August 2007; published 17 December 2007)
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Application of the results to a material formed by
plasmonic spheres:

www.qcif.edu.au/research/Images/sc.gif

PHYSICAL REVIEW B 75, 024304 ( 2007)

Three-dimensional nanotransmission lines at optical frequencies: A recipe for
broadband negative-refraction optical metamaterials

Andrea Alu and Nader Engheta
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Homogenization model:

2
(e, + E} _ W,
ho T - Ven=4wR*3 & =1-3—
Relal "} (£, 1)3Vy, P @
For propagation along coordinate axes:
1 + 1 :
e = —
effxx & Re{-:r;l} _ C_,_-_,_-{m,k}
111 {12
Colw.k) = {— [ — ] —0.026[cos(k.a) —1]
al 3 c '
— 0.026[cos{ka) — 1]+ 0.052[cos(k,a) — 1—‘
ggﬁ S mario.silveirinha@co.it.pt ‘ itg?;ict;:—.ouiia@gs

=

N

54 May 5, Marrakech, 2008



Effective permittivity:
| | R=4/100 at w=w,
R=a/2.1
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Band structure:

Backward wave

propagation
0.7z /—'ﬁ\j
2.5 : / S~ :
w
* — E 1 1.5 2 M :
Ll a)r .
@ 5 : 0.58 kxa
0.66
a)}'
L . B tiieecesecsscssecsscssscssessscssccsscssscsscssscassons
1t
0.5
k.a
0.5 1 1.5 2 2.5 3
Ay instituto de
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Isofrequency contours:

NS
‘ -////Oj\\\géé’

Tyl 0.68,
0.70,
N 0.71

| \

- I r 4
1 2 3

H

*

kxa

Propagation in the xoy plane, with E along z. The contours specify the value of ol o,
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~Appli catlonofth e results to a uniaxial material formed
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“Classical model”

£ 00 100
F=|loco0]|, T"=|o010
001 00 p

p(w) =1+ (07! (@)~ €) 7" /(aza?)

s 0 —1
Y — (UJ;—I LE
L :U'DS
c-_flftle=m o el (22 o

~ cosh ! (ﬂifg — 1)’ r

INSTITUICOES ASSOCIADAS
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Model obtained taking into account spatial dispersion

Rings are modelled as particles with a dipole-type magnetic
response.

Note: the effects of spatial dispersion could be described using uniquely a dielectric function. However,

here we choose to define a spatially dispersive permeability to see better the connections with the classical

model.
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The Interaction constant:

way2] 1
Clw,K) = |Co + C1 (cos(k.a.) — 1) + Ch (?) =

Cﬂ- = 1.64 Cl = 0.43 and Cg = —0.12.

Orthorhombic lattice with a_z = 0.5a and rings with R=0.4a.
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Effects of sp_atial._dispersion:

(a) 3

| b ok /"/“/f
1\\\\\\ -

\\\H—F,(///

|38

(%]

VLA

ro = 0.006a, d = 0.04a, ¥ = 3507,
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Isofrequency contours
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= %

=ANS

R =0.4a and a, = 0.5a.
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- Regularized Formulation
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Unit cell:

A Mathematical Difficulty...

Microscopic Equations:

VxE=-]wB

V><E:+goja)gIr E
Ho
Applied current "& , %

Nan (PEC)

a, Q-cell

Problem:

If (w,k) are associated with an electromagnetic mode the problem
may not have a solution (aresonance is hit and the fields may grow

without limit).
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Relation between the applied current and the induced
average eiectric field

It can be proven that the applied current is related to the induced
microscopic and macroscopic electric field as follows:

~

J, = jo(P, (E,)-P(E))e ™

where
P(E) — 1 (g _1)Ee+jk.rd3r
&o cell O

ek L . instituto de
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A mathematical trick:

Regularized microscopic equations:

VxE=-]wB

VxE=-]wB :
B VxD = ja)(lsav(Eav)—Is(E))e_jk'r+80ja)808rE

V x ﬂ—o =J, .8 "+ joeye, E 1

Microscopic Equations:

e,av av

For corresponding ‘Jiﬂ and Eythe solution of the two problems is the same!

However the kernel (null-space) of both problems is different. In fact,
electromaqgnetic modes are not solutions of the homogeneous reqularized

problem.
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Integral-differential system:

Regularized microscopic equations:

VxE=-]wB Integral-differential

- source problem

VxD = ja)(Pav (Ey)- I5(E))e_jk'r +&, jwe,e, E
My

* For each o and k, we solve the microscopic Maxwell-
Equations with E, U U;

e The dielectric function is obtained from: e(ok).E, =&y + Py

Jp—

g,av
Vcell j(() Q

Jde+jk.l’d3r
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Integral representation of the electric field:

E(r) = E.e /" +fgpﬂ(r|p’).(i>’ % [V % E])ds’ +
all

[ G 1) (2) (e 0) ~ DE W)@

C
(—00D

T N Iy T N Iy
Ppo (r|r)) = Pp(r[r)) — = ,
Veen k2 —w?/c?
cell / 0

v 32
N (PEC)
a Q-cell
INSTITUICOES ASSE AS: |
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Solution based on the MoM:

W (r) - set of expansion functions
n,k . ) _
for the induced microscopic
current

(0.k)=1+ sz”jw )etird? r®jw (r)e i rdir

ceII m,n

1 3 2~ ' "\ A3y A 3¢
X =I8 Wik (1) Wy (r)d r_liwm'_k(r)ﬂ Gpo(\r“r).wn’k(r)d rdr

Green function

-¢'-'_§] ) . o )
Qﬁiﬁ et ot mario.silveirinha@co.it.pt
l"{u%"t Uswarsidado de Colmbra
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Applicationto wire media:

1 _ ‘
EE (u..i',k) =1+ v Z j“,m,n /Wm,k [I‘) ptikr o ® / Wk [I‘) el kr g,
0 cell — N ;

w2
Xm.n = / f (TS.Wm_‘_k (r) Viwnx (') — 2 Wm.—k (r).wnk (r’}) Do (r|r') dsds’
A an

INSTITUILOES ASSOCIADAS:
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Applicationto wire media (contd.):

Within the thin wire approximation it may be assumed that the
electric current flows along the direction of the wires and is
uniform in the transverse section.

Thus a single expansion function may be sufficient to describe
the electrodynamics of wire media.

—1k.r
e 1%
1 :k (r) — u;’:
2R
i io.silveiri i instituto de
RSN rrissncaoce mario.silveirinha@co.it.pt ' Lt
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The dielectric function:

1 a?

1n.11.
Veen x11 (w, k) 7 7

/ [ Po(r|r';w, k) K (r=1") g5 dg’

éﬁ; | irtansen mario.silveirinha@co.it.pt
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| -..__Slmllar |deas can be used to homogenize other
materlals

Connected WM
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Similar ideas can be used to homogenize other
materials (Ii):

Non-Connected WM

c=|1- +1- ad +|1- a.d
— 2 2 2 XX 2 2 2 2 2 2 YA
w’ ¢’ -k’ w'lct—k; ) w’ ¢ -k’
: instituto de
éﬁ? Pkl = e mario.silveirinha@co.it.pt telecomunicacdes
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Similar ideas can be used to homogenize other
materiais (lli):

Array of helices:

£ — Azki Agkz:ky J‘%H
— £ ﬂzfuﬂfpl —kgf.ﬂﬁg fg?fﬁi_ﬁfﬂﬁg Iﬂzﬁflﬂﬁl _kg-"IIrIEEE
Ceff _ Akaky £t — =L piaxs
En Iﬂﬂ'fﬁil_—kifﬁig v ﬁgfﬁﬁl_kﬁfﬁﬁg fﬂg!‘fﬂi_kg."ﬁﬁz
—jAk,, . g‘Akm . [ — 1
32/ 85, —k2/ 85, B%/851—k2 /852 32 /85, —k2 [ By

instituto de
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" Extraction of the local parameters from
the nonlocal dielectric function




Is it possibleto extract local parameters from the
noniocail dielectric function?
Why local parameters?

e The number of parameters that characterize the material is
smaller.

Nonlocal model Local model
é(wk) & (@), (0).¢(0) £ (o)
| N y
Y
Defined for every k Independent of k
g mario.silveirinha@co.it.pt ‘ it';?;i:t;:.?uﬂia@es
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Is it possible to extract local parameters from the
noniocal dieiectric function? (contd.)
Why local parameters?

« Problems involving interfaces! The classical boundary
conditions can only be applied to local media.

kinc

: . S . instituto de
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Relation between local and nonlocal parameters

For a honlocal medium:

— -~

g(a),k)_.__<|§>:80<lé>'+l59- mm) P,=(c(wk) I .(E)

For-a local medium:

D=c (E)+ P
=B —) . o “lc —

1o M = — p, ¢ (E)+ (I— —1).13
b (B e (L) (B
D = E0Er. {E} + v/ Eoflo §H
(B) = Veopo - E) + pop, H
@ (RimsEa mario.silveirinha@co.it.pt ‘ itglst:_ictourf‘lou?'r?cagﬁes




Relation between local and nonlocal parameters
(contd.)

But since,

P,=P+V x M/jw+..

g, 1 1 ck ¢k 1 ck 1 ck

:—(m,k): (&—ﬁ.p&r Q)—I— (ﬁ.p:r XK— —— X p, L +—x|\p, —I)x—

Sy — — W w — w S ey
fgﬁ Erctose s e mario.silveirinha@co.it.pt ‘ itlé?;ictoL:-uouﬁ?cacﬁes
‘fk%sffr Unnamidado de Colmbra y
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Some remarks

A local material can be characterized using the traditional
constitutive relations as well as the “nonlocal” constitutive
relations. For unbounded media, both phenomenological models
predict the same physics.

 In particular, the plane wave solutions and macroscopic electric
and induction fields are independent of the considered model.

e The nonlocal dielectric function can be obtained from the local
parameters using the formula:

instituto de
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Some remarks (contd.)

e It should also be clear that a material is local (and such that, with the
exception of the dipole moments, all the multipoles moments are negligible) only if the

nonlocal dielectric function is a qguadratic form of the wave
vector.

instituto de
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How to extract the local parameters from the nonlocal

dielectric function?

 The local parameters can be meaningful only if (weak spatial

~dispersion):

(Taylor series at k=0)

€ (w,k)=~e(w, 0)+ L é‘kn

INSTITU Oas: |
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n 352 Gr ok,

., im

Y

(w, 0) kp ey,
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How to extract the local parameters from the nonlocal
dielectric function? (contd.)

*The magnetoelectric tensors are related to the first order
derivatives of the dielectric function.

*The magnetic permeability is related to the second order
derivatives of the dielectric function.

A . . .. . instituto de
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Local permi'ttivity:

Very simple:

£

e~ &p 4= = (,0)

(but'we also need to know the magnetoelectric tensors and permeability...)

Materials with a centre of inversion symmetry:

£, (a))zé(a),O)

L &,

INSTITUILOES ASSOCIADAS:
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Magnetoelectric tensors:

It can be verified that for dielectric inclusions, the first
order derivatives are anti-symmetric tensors.

o o0& O¢
ok, " ok, ok,

v

3 x3=9Iindependent parameters

; T, mario.silveirinha@co.it.pt ‘
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"Magneto_ele'é_'f_t.ric-.tensors (contd.):

J L. 1. .
¢ = .U’r-%j: (.?fhi.un - E.?fln-unl)

T

, 1 1 de R
J9n = B) m gum-m(%ﬁ] g P

Spatial dispersion of first order can be described exactly
using the local model.
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Magnetic Permeability:

1 aEE — ck _1 ck
5 2 G, @ Okakn = o (p 7 -1) <

How to choose mu such that this
IS true?

It can be verified that for dielectric inclusions, the second
order derivatives are symmetric tensors.

~nhlna
UMJIT

A pro
0’ 0°s 0°s O°¢ 0°s 0°g

ok} " ok} akz’ﬁk ok, " ok,ok, ok ok \

6 x 6 = 36 iIndependent parameters
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Why such problem?

P,=P+V x M/jw+..

More rigorously,

P, = P+_iV><M —EVQ +1VVQ—.LEV><V§

Q,0 _electric guadrupole and octopole moments

S - magnetic quadrupole moment

Spatial dispersion of second order is not only due to the magnetic
polarization, but also due to the quadrupole moments

instituto de
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Solutions?

_Zdﬂ i @ 0) ke = (L) <

n.,m

Too many scalar equations (36) and only a few scalar unknowns (6)...

e|Consider only a small subset of the available equations...

e Least square solution...

» Extract the effective parameters associated with quadrupole
moments (too complicated!)

. . .. . instituto de
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..____Examhpl’é:___”C'Om”posite medium with SRRs and metallic
wires .

“Local” parameters:

. P . instituto de
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Extraction of the “local” parameters:

Assuming,

~

(b
()

r(a)):gr,xx xux+gr,yyuyuy+ 27z

o

(@)=0,0,+0,0, +4,0,0,

=

We obtain,

_ 1
- . E 'LIZZ (a)) _ 1 828
&, (a))=|lmk_>0 g—(a),k) 1— 2 ;/y
0 2g, oK, |
: instituto de
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Extracted parameters (I):

Normalized frequency, ap
c
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a)- MSRR+Wires

b)- only MSRR

C)- only wires

r, =0.0la
a,=a,=a
a, =0.5a
R, =0.4a
d =0.125a
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Band structlure:

1.4+
AR
1.2F e ********
AR AR’
l E

)
—do.8
C

0.67

0.4

0.2

O & i 1.5
k. a
éﬁg B mario.silveirinha@co.it.pt

May 5, Marrakech, 2008

a)- MSRR+Wires

r, =0.0la

a, = ay =a

a, =0.5a

R, =0.4a

d =0.125a
instituto de
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Band structure:

*****m************i
1 . 4 - ********'*
1271
1 |
QQO.B- W b)- only MSRR
C
0.6
0.4+
0.2 r, =0.0la
_ a, = ay =a
0.5 1 1.5 2 2.5 3 a,=05a
kxa R.., =0.4a
d =0.125a
: instituto de
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Extracted parameters (ll):

b) &,

a)- Elliptical
MSRR+Wires

b)- only elliptical
MSRR

c)- only wires

: @ X
Normalized frequency, —a R, =0.8a

C r =0.01a
GRS d =0.125a
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Band Structure:

1l 2
ol a)- Elliptical
MSRR+Wires
W 0.8
—d
€ 0.6 y
a, =ad
X
0.4} a, =2a
| z
- a, =0.5a
0.2 R, =0.4a
R, =0.8a
0.5 il 1.5 o 2.5 3 r, =0.01a
k.a d =0.125a
: - instituto de
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Band Structure:

L o 2ir
**mem**w
******* Vi . .
1t G b)- only elliptical
X MSRR
a) O = 8 - = <
— &l
C
O . 6 B a')( = a
| a, =2a
0.4+ y
a, =0.5a
0.2} R, =0.4a
R, =0.8a
0.5 1 1.5 2 2.5 3 r,=0.0la
k.a d =0.125a
; S . instituto de
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Extracted parameters (lll) (metasolenoid):

,I
| [

4+ ;4‘:——///
[
ri I
3 ol
I 2 S
o] I I
o fF--——----""" |
< :
2 0.2 0.4 0.6
W :
I
=L ||
|
1
:
—4 I
i |
|

Normalized frequency, L
c
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r, =0.0la
a,=a,=a
a, =0.25a
R, =0.4a
d =0.125a
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Band Structure:

1 - 4 - *‘k"
*****
JI%
1.2 K
**
**
1 I
a) b ¢
LD B
C
0.6
0.4}
0.2l r, =0.0la
. a, =a,=a
0.5 1 1.5 2 2.5 3 8, =0.25
) R, =0.4a
k.a d =0.125a
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Example II:-Array of Helices

- A%k
_ t BeE k2],
Ceff _ Ak ky,
£0 fggfrﬁil _kgfﬁﬁg
—Jdky,

T, k2],

| fEtmage mario.silveirinha@co.it.pt
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A% kg ky JAky
32/85,—k2 /8%, 32/85,—k2/833,
. A%k2 —j Ak,
ST BRI, BT kI,
J-Ak:z: 1

- 1
T8 k2P, ey

Y
B\
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Local parameters (propagation in

ﬁ U, 0, +ﬁyﬁy + frzotz 1
_1
_;5’2}12
[ L+
) P [B5 — k2[5
— . =
¢ = cz.zuzuzr = —§
ﬁb_l _ —jBA
ZZ hAS T
B35 — k2/32

Er = f—'t(ﬁrﬁr + ﬁyﬁy) + Ezzﬁzﬁz
— .
-ﬁzfﬁ;z-l —kZ/ 32 tzz

éﬁ? B mario.silveirinha@co.it.pt
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Local parameters (propagation in xoy plane) (contd.)

l-
G
=] .D.
i I¥] Py
= Lk
=
(i
E -1t Im{é‘zz}
5

da 5 2 - 3
-3 L
a

Normalized frequency, —
¢

Fig. 3. Effective parameters (4, — U) for a material with /¥ = O.4a, r, =
DO e, pro= 0.5,
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Application of the local parameters in a scattering
problem (using ciassical boundary conditions)

=
5

N i s A s o

-

Axis Ratio, AR

0.5 1 1.5 2
s ey
Normalized frequency, —
c
Fig. 8. Axis ratio of the transmitted wave as function of the normalized fre-
quency. Solid lines: Analytical model; Diamond/Triangle/Star symbaols: Full

wave results. The radius of the helices 1s / = 0.da. The wire radius, helix

INSTITUIGOES ASSOCIADAS ' P = 0T a, p= 000, Ny = 5, (c)ry = 00530, p = 0.9, Ny =
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~ Problems involving interfaces
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Problems involving interfaces of spatially dispersive
media are difficuit to solve...
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Problems:

*The dielectric function is only defined for an unbounded
periodic medium.

The dielectric function is defined in spectral domain, but a
problem involving interfaces is formulated in space domain.

e(o k) — Only makes sense in the spectral domain

(unbounded periodic material)

E(r) ——  Only makes sense in the space domain

k and r are dual Fourier variables and cannot appear in the
same expression!

instituto de
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Problems (contd.):

Maxwell’s equations in the space domain for a spatially
dispersive material:

Vx(E) =—jou,H,
VxH, =(J,)+ jw!é(r-r’).(E}(r’)dzr’

(valid only for unbounded periodic materials!; we do not even know how to extend this expression for finite blocks of a material!)

Quite scary!
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Some reasonable assumptions:

kinc

FAawv ~lAam -~ vas ~rviem irmesir~ldArnAans Fhh A
FUI plalie vwadave liiciuciice, Lice
written in terms of the plane waves modes s

unbounded periodic material.

£:
|
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More problems:

e |n general, a spatially dispersive material may support “new
waves”, as compared to the ordinary case in which only two
plane waves are supported for a fixed direction of propagation.

* These extra degrees of freedom associated with spatially
dispersive materials may prevent us from being able to solve a
simple scattering problem, even if the dielectric function of the
material is known!!!

instituto de
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An example: the wire medium

INSTITUILOES ASSOCIADAS:
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Electromagnetic modes in the wire medium:

e TE-z modes: electric field is normal to the wires:
wires are transparent to the wave.

kore = (@] ) —K2 —K?

* TM-z modes: magnetic field is normal to
the wires; the mode is cut-off for long
wavelengths.

Kerw ==y B2+ K2 +K2 —(w/c)

* TEM dispersionless modes (transmission line modes).

K, 1em = (a)/C)

: . . . instituto de
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I_sn" th'”e"per-m.itti__vi_ty model useful to solve a scattering
~ problem?

Homogenized Wire
Medium Slab

y &En a
2 distinct 3 distinct
- polarizations ky.:,x : polaiizations
§Z=0 8zz(w’kl)=1_(a)lléB)g_K

The scattering problem cannot be solved
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~ Additional Boundary Conditions
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The ABC concept

* In order that to obtain the solution of a scattering problem
using homogenization methods, it is necessary to specify
boundary condition for the internal variables that describe the
excitations responsible for the spatial dispersion effects.

 The nature of the ABC depends on the specific microstructure
of the material, and can be determined only on the basis of a
microscopic model that describes the dynamics of the internal
variables.
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- The wire medium case:

" The current N
~ along the Y o !
‘wires must
~vanish at
Z

the

interface k/«.x

E z=0

It can be proved that this implieé that the following
additional boundary condition is verified:

Bl
02 |air side host =z |\wire medium side
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Some considerations about the ABC:

s the ABC compatible/equivalent with the continuity of the
normal component of the electric displacement D?

plane wave modes

E(r) _ ZC'E _ (r. k-) superposition of
D(r)=Y ¢ (oK, )En;(rik,)
Thus, ¢, E i1s not collinear with D

There is no contradiction/redundancy between the new ABC and
the continuity of the normal component of D.
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Example:

Hy= (e77% 4 pet)e= ¥ (airside: 2 < 0

H, = (Bf‘ E—J_ﬁhﬂ + Bl—ﬂ‘l'.'fﬁhz + B%‘E—’]ﬁrmz
+ Bﬂ—eﬂm-:z)e—ikyy
(wire medium : 0 < z < L)
Hy = tee 0Dt (airside: 2 > L)

Boundary conditions:

[H,]=0; [e5tdH,/dz] =0
[d*H, [dz*] = - (B} = %) Ha.
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Example (contd.):

1
a 0.8
iy r, =0.01a
=
-g 0.6
= 6, = 45deq]
—_ _
o, 0.4
Z
0.2
0.5 1 1.5 2 2.5 3 3.5
Normalized wave number, fa
gﬁ? Faculdads da Cinciss mario SilVEirinha@CO it pt itl'llStitLItO de i
\’@fi‘!” Deniasds 5 Caimbra : e elecomunicacdes
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30THz
Epg = 0143 j746

a=215nm (pa=0.2)

&, = 2.2 (Halcogenide glass)

R=21.5nm

Amplitude of 7

L =5.93um
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imagi ngat infrared frequencies:

15050
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Frontmterface Back interface

315 m
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ABC for aWM connected to a ground plane:

/ />/ /\></ -
PEC plane

The microscopic density of
charge must vanish at the
connection point
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ABC for a WM connected to a ground plane (contd.):

N .o..d . . .. d
(l{”.u,EJE + 11, .10, ] d_) (mEDEhuﬂ.E + 1, ¥ (k“ —|—u3_-;ri) H) =0

——

T

PEC plane
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Validation:

-0

-80F

-100F}

-1z207}

-1407}

Phase of p, [deg]

-1&0}

20 40 &0 a0

Incident angle. #

FIGURE 1.11  Reflection characteristic for a substrate formed by tilted wires (v = 45[deg]) connected
to a PEC plane. The wires are embedded in a dielectric with £; = 4.0 and thickness 1" such that
Tvﬁw f c= ?r/ 4. The spacing between the wires, a, associated with each curve is indicated in the figure.
The radius of the wires is ry, = .05a, and the length of the wires is L, = T sec a. The solid lines were
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Application: HIS

1T T T T T T T

(a)

OBOBO=O

0505030
0909020
0a0a000!
OR0R0R0!

da Colmbira




Application: HIS (contd.)

eps_h=1
g=0.1a
h=5a
r=0.05a

Angle of incidence: 45 degree
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It is also possible to derive ABCs for other more
complex WM:

Non-Connected WM

The number of required ABCs
may be 1, 2 or 3!!!
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